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Complete bounded λ-hypersurfaces in the
weighted volume-preserving mean curvature
flow
Yecheng Zhu, Yi Fang and Qing Chen
Abstract. In this paper, we study the complete bounded λ-hypersurfaces
in weighted volume-preserving mean curvature flow. Firstly, we investi-
gate the volume comparison theorem of complete bounded λ-hypersurfaces
with |A| ≤ α and get some applications of the volume comparison the-
orem. Secondly, we consider the relation among λ, extrinsic radius k,
intrinsic diameter d, and dimension n of the complete λ-hypersurface,
and we obtain some estimates for the intrinsic diameter and the extrin-
sic radius. At last, we get some topological properties of the bounded
λ-hypersurface with some natural and general restrictions.
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1. Introduction
A hypersurface X : Mn → Rn+1 is said to be a self-shrinker in Rn+1 if
it satisfies the following equation (see [10]) for the mean curvature and the
normal
H − < X,N >
2
= 0. (1.1)
Self-shrinkers play an important role in the study of the mean curvature flow.
Not only they correspond to the self-shrinking solutions to mean curvature
flow, but also they describe all possible blow ups at a given singularity points
of the mean curvature flow. The simplest self-shrinkers are Rn, the sphere
of radius
√
2n and more generally cylindrical products Sk × Rn−k (where
Sk has radius
√
2k). All of these examples are mean convex. Without the
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assumption on mean convexity, there are expected to be many more examples
of self-shrinkers in R3. In particular, Angenent constructed a self-shrinking
torus (shrinking donut) of revolution in [2], and there is numerical evidence
for a number of other examples (see [3], [9], [24]). We refer the readers to [10,
11, 15, 16] and references therein for more information on self-shrinkers and
singularities of mean curvature flow.
As generalizations of self-shrinkers, λ-hypersurfaces were first intro-
duced by Cheng and Wei in [8], where they proved that λ-hypersurfaces
are critical points of the weighted area functional for the weighted volume-
preserving variations. Furthermore, they classified the complete λ-hypersurfaces
with polynomial volume growth and studied F-stability of λ-hypersurfaces,
which are generalizations of the results due to Huisken [15] and Colding-
Minicozzi [10]. Guang proved some gap theorems and Bernstein type theo-
rems for complete λ-hypersurfaces with polynomial volume growth in terms
of the norm of the second fundamental form in [14]. More results on λ-
hypersurfaces can be found in [6, 19, 25, etc.].
We follow the notations of [14, 19] and call a hypersurface X : Mn →
Rn+1 a λ-hypersurface if it satisfies the curvature condition
H − < N,X >
2
= λ, (1.2)
where λ is a constant, N is the unit normal vector of X and H is the mean
curvature of M . One can prove that λ-hypersurface is a hypersurface with
constant mean curvature λ in Rn+1 with respect to the metric gij = e
− |X|24 δij .
In this paper, we study the volume comparison theorem and topology of
complete bounded λ-hypersurfaces in the weighted volume-preserving mean
curvature flow. The organization of this article is as follows: In section 2,
we recall some backgrounds and derive some formulas for λ-hypersurfaces.
In section 3, we investigate the volume comparison theorem of complete
bounded λ-hypersurfaces with |A| ≤ α. In section 4, we give some appli-
cations of the volume comparison theorem of λ-hypersurfaces. In section 5,
we study the relation among λ, the radius k and the dimension n, for the
complete λ-hypersurfaces with controlled intrinsic volume growth contained
in the Euclidean closed ball Bn+1k (0). In section 6, we generalize the well-
known Myers’ theorem on a complete and connected λ-hypersurface with
Ricf ≥ 1−λ2−3α22 > 0. In section 7, we obtain some properties on the topol-
ogy at the infinity of a bounded λ-hypersurface with Ricf ≥ 0. In section 8,
we get some natural and general restrictions that force the λ-hypersurface to
be compact.
2. Preliminaries
Throughout this paper, the Einstein convention of summing over repeated
indices from 1 to n will be adopted.
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Let X : Mn → Rn+1 be an n-dimensional complete hypersurface of
Euclidean space Rn+1. We choose a local orthonormal frame field {eǫ}n+1ǫ=1 in
Rn+1 with dual coframe field {ωǫ}n+1ǫ=1 , such that, restricted toMn, e1, · · · , en
are tangent to Mn, and en+1 is the unit normal vector N . The coefficients of
the second fundamental form A are defined to be
hij =< ∇eiej , N > . (2.1)
In particular, we have
∇eiN = −hijej. (2.2)
Since < ∇NN,N >= 0, then the mean curvature
H =< ∇eiN, ei >= −hii. (2.3)
The Riemann curvature tensor and the Ricci tensor are given by Gauss equa-
tion
Rijkl = hikhjl − hilhjk, (2.4)
Rij = −Hhij − hilhlj . (2.5)
Let f = |X|
2
4 , and denote by dvolf the corresponding weighted volume mea-
sure of M ,
dvolf = e
−fdvol. (2.6)
Thus, M = (M,dvolf ) is a smooth metric measure space. There is a natural
drifted Laplacian on (M,dvolf ) defined by
△f = efdiv(e−f∇) = △− < ∇,∇f > . (2.7)
The ∞ - Bakry - Emery Ricci tensor Ricf of (M,dvolf ) is defined by
Ricf = Ric+Hess(f). (2.8)
Next we look at the ∞ - Bakry - Emery Ricci tensor Ricf of λ-hypersurface.
For simplicity, we choose a frame such that ∇Teiej = 0, then
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(Ricf)ij = Rij +∇ei∇ejf
= Rij +
1
2
(< ∇eiXT , ej > + < XT ,∇eiej >)
= Rij +
1
2
(< ∇eiX, ej > − < ∇ei(< X,N > N), ej >
+ < X,∇eiej > − < X,N >< N,∇eiej >)
= Rij +
1
2
(δij− < X,N >< ∇eiN, ej >
+ < X,< ∇eiej , N > N > − < X,N >< ∇eiej , N >)
= Rij +
1
2
δij − 1
2
< X,N >< ∇eiN, ej >
= Rij +
1
2
δij +
1
2
< X,N > hij
= −Hhij − hilhlj + 1
2
δij + (H − λ)hij
=
1
2
δij − λhij − hilhlj
≥ 1
2
δij − 1
2
(λ2 + h2ij)− hilhlj .
(2.9)
Hence, we get the following lower bound for the ∞ - Bakry - Emery Ricci
tensor Ricf of λ-hypersurface,
Ricf ≥ 1− λ
2
2
− 3
2
|A|2. (2.10)
3. Volume comparison theorem of λ-hypersurfaces
The classical volume comparison theorem shows that the volume of any ball is
bounded above by the volume of the corresponding ball in the model space,
validating the intuitive picture: the bigger the curvature, the smaller the
volume. Moreover, this is much less intuitive, if the volume of a big ball has
a lower bound, then all the smaller balls also have lower bounds. It enjoys
many geometric and topological applications.
In this section, we will investigate the volume comparison theorem of
the complete bounded λ-hypersurface Mn with |A| ≤ α, that is, the ∞ -
Bakry - Emery Ricci tensor
Ricf ≥ 1− λ
2 − 3α2
2
, (3.1)
where α is an arbitrary nonnegative constant. Firstly, we fix a point p ∈Mn,
and let r(x) = d(p, x) be the intrinsic distance from p to x. This defines
a Lipschitz function on the λ-hypersurface, which is smooth except the cut
locus of p. In geodesic polar coordinates, the volume element dvol = dr ∧
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Aϑ(r)dϑ, where dϑ is the volume form of the standard S
n−1. Let B(p,R) be
the geodesic ball of Mn with radius R centered at p, the volume of B(p,R)
is defined by
V ol(B(p,R)) =
∫ R
0
dr
∫
Sn−1(p,r)
Aϑ(r)dϑ. (3.2)
where Sn−1(p, r) = {x ∈ M |d(p, x) = r}. Let H(r) denote the mean curva-
ture of the geodesic sphere at p with outer normal vector N , then we have
△r = H(r) = ∂
∂r
logAϑ(r). (3.3)
Let ωα(t) be the solution to
ω
′′
α +
1− λ2 − 3α2
2(n− 1) ωα = 0 (3.4)
such that ωα(0) = 0 and ω
′
α(0) = 1, i.e. ωα are the coefficients of the Jacobi
fields of the simply connected model space Mnα,λ with constant curvature
1−λ2−3α2
2(n−1) , and
ωα(t) =


√
2(n−1)√
1−λ2−3α2 sin(
√
1−λ2−3α2
2(n−1) t), λ
2 + 3α2 < 1
t, λ2 + 3α2 = 1√
2(n−1)√
|1−λ2−3α2|sinh(
√
|1−λ2−3α2|
2(n−1) t), λ
2 + 3α2 > 1
(3.5)
Let dvolα = dr ∧Aϑα(r)dϑα be the volume element of model space Mnα , and
denote by Hα the mean curvature of the geodesic sphere, then we have
Hα(r) =
A
′
ϑα
(r)
Aϑα(r)
= (n− 1)ω
′
α(r)
ωα(r)
. (3.6)
For real numbers α, λ, k and n, let
Vα,λ,k(r) = vol(S
n−1(1))
∫ r
0
(Aϑα(t))
(1+ k
2
2(n−1)
)dt. (3.7)
Then we have the following volume comparison theorem for complete bounded
λ-hypersurfaces.
Theorem 3.1. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤ α, where α is an arbitrary nonnegative constant,
and Bn+1k (0) denotes the Euclidean closed ball with center 0 and radius k.
Then for any point p ∈Mn, and 0 < R1 ≤ R2, we have
V ol(B(p,R2))
V ol(B(p,R1))
≤ e k
2
4
Vα,λ,k(R2)
Vα,λ,k(R1)
, (3.8)
where we assume R2 ≤
√
2(n−1)π
4
√
1−λ2−3α2 , if λ
2 + 3α2 < 1.
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Proof. (of Theorem 3.1) Fix p ∈ M as a base point, and let γ : [0, r] →
M be a minimizing unit speed geodesic from p. Let {Ei(t)}n−1i=1 be parallel
orthonormal vector fields along γ(t) which are orthogonal to γ˙. Constructing
vector fields {Xi(t) = ωα(t)|ωα(r)|Ei(t)}
n−1
i=1 along γ, then by the second variation
formula, we have
△r ≤
∫ r
0
n−1∑
i=1
(|∇γ˙Xi|2− < Xi, RXi,γ˙ γ˙ >)dt
=
1
ω2α(r)
∫ r
0
((n− 1)(ω′α(t))2 − ω2α(t)Ric(γ˙, γ˙))dt.
(3.9)
By (2.8), (2.10) and the assumption |A| ≤ α, we have
△r ≤ 1
ω2α(r)
∫ r
0
((n− 1)(ω′α(t))2 − ω2α(t)Ricf (γ˙, γ˙))dt
+
1
ω2α(r)
∫ r
0
ω2α(t)(Hess(f)(γ˙, γ˙))dt
≤ 1
ω2α(r)
∫ r
0
((n− 1)((ω′α(t))2 −
1− λ2 − 3α2
2(n− 1) ω
2
α(t)))dt
+
1
ω2α(r)
∫ r
0
(ω2α(t)
d2
dt2
(f ◦ γ))dt.
(3.10)
On the other hand, by (3.5) and (3.6), we can get
(ω2α(t)Hα(t))
′
= (n− 1)((ω′α(t))2 −
1− λ2 − 3α2
2(n− 1) ω
2
α(t)). (3.11)
Thus, the inequality (3.10) becomes
△r ≤ 1
ω2α(r)
∫ r
0
(ω2α(t)Hα(t))
′
dt+
1
ω2α(r)
∫ r
0
(ω2α(t)
d2
dt2
(f ◦ γ))dt
= Hα(r) +
1
ω2α(r)
∫ r
0
(ω2α(t)
d2
dt2
(f ◦ γ))dt,
(3.12)
where we have used ωα(0) = 0. By integration by parts on the last term, the
expression (3.12) can be written as
△r ≤ Hα(r) − 1
ω2α(r)
∫ r
0
(ω2α(t))
′ d
dt
(f ◦ γ)dt+ d
dt
(f ◦ γ)|t=r
= Hα(r) +
1
ω2α(r)
(
∫ r
0
(ω2α(t))
′′
(f ◦ γ)dt− (ω2α(r))
′
(f ◦ γ)(r))
+
d
dt
(f ◦ γ)|t=r.
(3.13)
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Since the λ-hypersurface is contained in the ball Bn+1k (0), then f = |X|
2
4 ≤ k
2
4 .
On the other hand, we assume r ∈ (0,
√
2(n−1)π
4
√
1−λ2−3α2 ], if α <
√
1−λ2
3 . This
implies that (ω2α)
′ ≥ 0 and (ω2α)
′′ ≥ 0, for all α ≥ 0. Then
△r ≤ Hα(r) + 1
ω2α(r)
(
k2
4
∫ r
0
(ω2α(t))
′′
dt− (ω2α(r))
′
(f ◦ γ)(r))
+
d
dt
(f ◦ γ)|t=r
= Hα(r) +
(ω2α(r))
′
ω2α(r)
(
k2
4
− (f ◦ γ)(r)) + d
dt
(f ◦ γ)|t=r
≤ Hα(r) + k
2
4
(ω2α(r))
′
ω2α(r)
+
d
dt
(f ◦ γ)|t=r
= Hα(r) +
k2
2(n− 1)Hα(r) +
d
dt
(f ◦ γ)|t=r
= (1 +
k2
2(n− 1))Hα(r) +
d
dt
(f ◦ γ)|t=r,
(3.14)
here in the fifth line we have used (3.6). By (3.3) and (3.6), the expression
(3.14) can be written as
∂
∂r
logAϑ(r) ≤ (1 + k
2
2(n− 1))
d
dr
logAϑα(r) +
d
dt
(f ◦ γ)|t=r. (3.15)
Integrating it from s1 to s2, together with f =
|X|2
4 ≤ k
2
4 , we have
log
Aϑ(s2)
Aϑ(s1)
≤ (1 + k
2
2(n− 1))log
Aϑα(s2)
Aϑα(s1)
+
k2
4
. (3.16)
Then
Aϑ(s2)
Aϑ(s1)
≤ e k
2
4 (
Aϑα(s2)
Aϑα(s1)
)(1+
k2
2(n−1) ), (3.17)
that is,
Aϑ(s2) · (Aϑα(s1))(1+
k2
2(n−1)
) ≤ e k
2
4 ·Aϑ(s1) · (Aϑα(s2))(1+
k2
2(n−1)
). (3.18)
Integrating it from 0 to R1 with respect to s1, and from 0 to R2 with respect
to s2, we have ∫ R2
0
Aϑ(s2)ds2 ·
∫ R1
0
(Aϑα(s1))
(1+ k
2
2(n−1)
)ds1
≤ e k
2
4 ·
∫ R1
0
Aϑ(s1)ds1 ·
∫ R2
0
(Aϑα(s2))
(1+ k
2
2(n−1)
)ds2.
(3.19)
Integration along the sphere direction gives
V ol(B(p,R2)) · Vα,λ,k(R1) ≤ e k
2
4 · V ol(B(p,R1)) · Vα,λ,k(R2). (3.20)
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Then the result follows. 
Note that the λ-hypersurface is a self-shrinker of the mean curvature
flow when λ = 0, then we have the following corollary.
Corollary 3.2. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
self-shrinker with |A| ≤ α. Then for any p ∈Mn, 0 < R1 ≤ R2, we have
V ol(B(p,R2))
V ol(B(p,R1))
≤ e k
2
4
Vα,0,k(R2)
Vα,0,k(R1)
, (3.21)
where R2 ≤
√
2(n−1)π
4
√
1−λ2−3α2 if λ
2 + 3α2 < 1.
Since (Aϑα(t))
(1+ k
2
2(n−1)
) = (ωα(t))
(n−1)(1+ k2
2(n−1)
) = (ωα(t))
(n+ k
2
2 −1),
then dr ∧ Aϑα(r)(1+
k2
2(n−1)
)dϑα can be considered as the volume element of
simply connected model space M
n+ k
2
2
α,λ of dimension n +
k2
2 with constant
curvature 1−λ
2−3α2
2(n−1) . Now by (3.18), we can obtain the following volume com-
parison for balls.
Theorem 3.3. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤ α. Then for any p ∈Mn, 0 < R1 ≤ R2, we have
V ol(B(p,R2))
V ol(B(p,R1))
≤ e k
2
4
V ol
n+ k
2
2
α,λ (R2)
V ol
n+ k
2
2
α,λ (R1)
, (3.22)
where V ol
n+ k
2
2
α,λ (r) is the volume of the ball with radius r in model space
M
n+k
2
2
α,λ , and R2 ≤
√
2(n−1)π
4
√
1−λ2−3α2 if λ
2 + 3α2 < 1.
Actually, it is not easy to figure out the relevant conclusions by Theorem
3.1 and Theorem 3.3. In particular, for the complete λ-hypersurfaces with
|A| ≤
√
1−λ2
3 (i.e. Ricf ≥ 0 and |λ| ≤ 1 ), we obtain the following interesting
result.
Theorem 3.4. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤
√
1−λ2
3 . Then for any p ∈ Mn, 0 < R1 ≤ R2, we
have
V ol(B(p,R2))
V ol(B(p,R1))
≤ e 3k
2
4
V (R2)
V (R1)
, (3.23)
where V (r) is the volume of the ball with radius r in Euclidean space Rn.
Moreover, we can get
V ol(B(p,R2)) ≤ e 3k
2
4 V (R2). (3.24)
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Proof. (of Theorem 3.4) Since |A| ≤
√
1−λ2
3 implies Ricf ≥ 0, then the
expression (3.13) can be written as
△r ≤ n− 1
r
+
1
r2
(
∫ r
0
(t2)
′′
(f ◦ γ)dt− ((t2)′f ◦ γ)|t=r) + d
dt
(f ◦ γ)dt|t=r
=
n− 1
r
+
2
r2
∫ r
0
(f ◦ γ)dt− 2
r
f ◦ γ(r) + d
dt
(f ◦ γ)dt|t=r.
(3.25)
That is,
∂
∂r
logAϑ(r) ≤ d
dr
logrn−1 +
2
r2
∫ r
0
(f ◦ γ)dt− 2
r
f ◦ γ(r) + d
dt
(f ◦ γ))dt|t=r.
(3.26)
Integrating from s1 to s2, together with f =
|X|2
4 ≤ k
2
4 , we have
log
Aϑ(s2)
Aϑ(s1)
≤ log s
n−1
2
sn−11
+
∫ s2
s1
(
2
r2
∫ r
0
(f ◦ γ)dt)dr −
∫ s2
s1
(
2
r
f ◦ γ(r))dr
+f ◦ γ|s2s1
= log
sn−12
sn−11
− 2
r
∫ r
0
(f ◦ γ)dt|s2s1 + f ◦ γ|s2s1
≤ log s
n−1
2
sn−11
+
k2
2
+
k2
4
= log
sn−12
sn−11
+
3k2
4
.
(3.27)
Now the result is obvious. 
4. Some applications of volume comparison theorem
The classical volume comparison theorem is a powerful tool in studying the
manifolds with lower Ricci curvature bound(See [36]). In this section, we
will give some applications of the volume comparison of λ-hypersurfaces with
lower ∞ - Bakry - Emery Ricci curvature bound.
Firstly, we obtain the lower bound and upper bound on volume growth
for λ-hypersurface with Ricf ≥ 0 (i.e. |A| ≤
√
1−λ2
3 ).
Theorem 4.1. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤
√
1−λ2
3 . Then, for any p ∈M ,
C1R
n ≥ V ol(B(p,R)) ≥ C2R. (4.1)
Proof. (of Theorem 4.1) Since |A| ≤
√
1−λ2
3 , for any p ∈ M , by Theorem
3.4, we have
V ol(B(p,R)) ≤ C1Rn. (4.2)
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On the other hand, for T1 ≤ T2, R1 ≤ R2, T1 ≤ R1, T2 ≤ R2, and q ∈ M ,
we let Aq(R1, R2) be the set of x ∈ M such that R1 ≤ r(x) ≤ R2 and
V (T1, T2) = vol(S
n−1(1))
∫ T2
T1
tn−1dt, where r(x) = d(q, x). Then by (3.27),
we can get
V ol(Aq(R1, R2))
V ol(Aq(T1, T2))
≤ e 3k
2
4
V (R1, R2)
V (T1, T2)
. (4.3)
Let Γ be a geodesic based at p in M , by |A| ≤
√
1−λ2
3 and the annulus
relative volume comparison (4.3) to annuli centered at Γ(t), we have
V ol(AΓ(t)(t− 1, t+ 1))
V ol(B(Γ(t), t− 1)) ≤ e
3k2
4
(t+ 1)n − (t− 1)n
(t− 1)n
=
c˜(n, k)
t
.
(4.4)
By B(Γ(0), 1) ⊂ AΓ(t)(t− 1, t+ 1), we get
V ol(B(Γ(t), t− 1)) ≥ t
c˜(n, k)
V ol(AΓ(t)(t− 1, t+ 1))
≥ t
c˜(n, k)
V ol(B(p, 1))
= ˜˜ct.
(4.5)
Therefore,
V ol(B(p,R)) ≥ V ol(B(Γ(R
2
),
R
2
− 1)) ≥ C2R. (4.6)
Combining (4.2) and (4.6), the result follows easily. 
In [21], Milnor observed that polynomial volume growth on the universal
cover of a manifold restricts the structure of its fundamental group. Thus
Theorem 3.4 also implies the following extension of Milnor’s Theorem.
Theorem 4.2. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤
√
1−λ2
3 . Then any finite generated subgroup of the
fundamental group of M has polynomial growth of order at most n.
Note that the relation between the fundamental group and the first Betti
number given by the Hurewicz Theorem [34], Ricci curvature can also give
control on the first Betti number. By the same assertions as in M. Gromov
[13], we can prove the following theorem by Theorem 3.1.
Theorem 4.3. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤ α, diamM ≤ d. Then b1(M) ≤ c(n, k, α, d2).
Theorem 3.1 also implies the following extensions theorems of Anderson
[1]. We will leave it for readers.
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Theorem 4.4. For the class of n-dimensional λ-hypersurfaces M with |A| ≤
α, vol ≥ v > 0, diam ≤ d, which contained in the compact ball Bn+1k (0) ⊂
Rn+1, there are only finitely many isomorphism classes of the fundamental
group of M .
The volume comparison has many other geometric applications, such
as, in the Gromov-Hausdorff convergence theory, in the rigidity and pinching
theory. We will leave these statements to the interested readers.
5. Estimate of the exterior radius
The n-dimensional sphere Sn(k) with radius k =
√
λ2 + 2n+ λ is a compact
λ-hypersurface and contained in the compact closed ball Bn+1k (0) ⊂ Rn+1.
Our first remark is that if a complete λ-hypersurface with controlled intrinsic
volume growth is contained in some Euclidean closed ball Bn+1k (0) with center
0 and radius k, then there is an obvious relation among λ, the radius k and
the dimension n. To prove this, we need the following elementary lemma.
Lemma 5.1. (see[27])Let (M,dvolf ) be a geodesically complete weighted man-
ifold satisfying the volume growth condition
R
log(V olfB(p,R))
/∈ L1(+∞), (5.1)
Then the weak maximum principle at infinity for the f -Laplacian holds on
M .
Theorem 5.2. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface whose intrinsic volume growth satisfies
R
log(V olB(p,R))
/∈ L1(+∞), (5.2)
where B(p,R) is the geodesic ball of λ-hypersurface Mn with radius R cen-
tered at p, and Bn+1k (0) denotes the Euclidean ball with center 0 and radius
k. Then
k ≥
√
λ2 + 2n− |λ|. (5.3)
Proof. (of Theorem 5.2) Since △X = −HN on the hypersurface and H −
<N,X>
2 = λ on the λ-hypersurface, then
△|X |2 = 2|∇X |2 + 2 < △X,X >
= 2|∇X |2 − 2H < N,X >
= 2|∇X |2 − 2(< N,X >
2
+ λ) < N,X >
= 2n− 2λ < N,X > − < N,X >2 .
(5.4)
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Also note that ∇|X |2 = 2XT , where XT is the tangential projection of X ,
we can get
△f |X |2 = △|X |2− < ∇|X |2,∇f >
= △|X |2− < ∇|X |2,∇|X |
2
4
>
= △|X |2 − 1
4
< 2XT , 2XT >
= 2n− 2λ < N,X > − < N,X >2 −|XT |2
= 2n− 2λ < N,X > −|X |2
≥ 2n− 2|λ||X | − |X |2.
(5.5)
On the other hand, since c−1dvolf ≤ dvol ≤ cdvolf for a large enough con-
stant c > 1, then
R→ R
log(V olfB(p,R))
/∈ L1(+∞), (5.6)
which implies that on the λ-hypersurface the weak maximum principle holds
at infinity for the drifted Laplacian △f (Lemma 5.1). Therefore
0 ≥ 2n− 2|λ|supM |X | − supM |X |2 ≥ 2n− 2|λ|k − k2, (5.7)
and the claimed lower estimate on k follows. This completes the proof of
Theorem 5.2. 
By(4.1), we can specialize Theorem 5.2 to the following
Corollary 5.3. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤
√
1−λ2
3 , then
k ≥
√
λ2 + 2n− |λ|. (5.8)
6. Estimate of the intrinsic diameter
The purpose of this section is to generalize the well-known Myers’ theorem
[23] on a complete and connected λ-hypersurface with Ricf ≥ 1−λ2−3α22 > 0
(i.e. |A| ≤ α <
√
1−λ2
3 ). In particular, we obtain the following
Theorem 6.1. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with |A| ≤ α <
√
1−λ2
3 . Then M is compact and the intrinsic
diameter satisfies
diam(M) ≤
√
2(n− 1)(n+ k2 − 1)
1− λ2 − 3α2 pi. (6.1)
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Proof. (of Theorem 6.1) The proof goes by contradiction. If γ : [0, l] → M
is a unit speed geodesic of length l >
√
2(n−1)(n+k2−1)
1−λ2−3α2 pi. Let {Ei(t)}n−1i=1 be
parallel orthonormal vector fields along γ which are orthogonal to γ˙. Using
vector fields {Xi(t) = sin(πl t)Ei(t)}n−1i=1 along γ, then we get the index form
I(Xi(t), Xi(t)) =
∫ l
0
(|∇γ˙Xi|2− < Xi, RXi,γ˙ γ˙ >)dt. (6.2)
Then by |A| ≤ α <
√
1−λ2
3 , f =
|X|2
4 ≤ k
2
4 , l >
√
2(n−1)(n+k2−1)
1−λ2−3α2 pi, (2.8) and
(2.10), we have
n−1∑
i=1
I(Xi(t), Xi(t))
=
∫ l
0
n−1∑
i=1
(|∇γ˙Xi|2− < Xi, RXi,γ˙ γ˙ >)dt
=
∫ l
0
((n− 1)(pi
l
cos(
pi
l
t))2 − (sin(pi
l
t))2Ric(γ˙, γ˙))dt
≤
∫ l
0
((n− 1)(pi
l
cos(
pi
l
t))2 − (sin(pi
l
t))2(
1− λ2 − 3α2
2(n− 1) ))dt
+
∫ l
0
(sin(
pi
l
t))2(Hess(f)(γ˙, γ˙))dt
=
(n− 1)pi2
2l
− (1− λ
2 − 3α2)l
4(n− 1) +
∫ l
0
(sin(
pi
l
t))2
∂2
∂t2
(f ◦ γ)dt
=
(n− 1)pi2
2l
− (1− λ
2 − 3α2)l
4(n− 1) −
pi
l
∫ l
0
sin(
2pi
l
t)
∂
∂t
(f ◦ γ)dt
=
(n− 1)pi2
2l
− (1− λ
2 − 3α2)l
4(n− 1) +
2pi2
l2
∫ l
0
cos(
2pi
l
t)(f ◦ γ)dt
≤ (n− 1)pi
2
2l
− (1− λ
2 − 3α2)l
4(n− 1) +
2pi2
l2
∫ l
0
|(f ◦ γ)|dt
≤ (n− 1)pi
2
2l
− (1− λ
2 − 3α2)l
4(n− 1) +
pi2k2
2l
=
(n+ k2 − 1)pi2
2l
− (1− λ
2 − 3α2)l
4(n− 1)
< 0.
(6.3)
This implies I(Xi(t), Xi(t)) < 0, for some 1 ≤ i ≤ n− 1. Namely, the index
form is not positive semi-definite. It is a contradiction. So we finish the proof.

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7. Topology at infinity of λ-hypersurfaces
In this section, by the following Cheeger-Gromoll-Lichnerowicz splitting the-
orem, we obtain a bit of information on the topology at infinity of a bounded
λ-hypersurfaces with Ricf ≥ 0.
Lemma 7.1. (see[17])Let (Mn, dvolf ) be a geodesically complete weighted
manifold with Ricf ≥ 0 for some bounded function f and Mn contains a
line, then Mn = Nn−1 ×R and f is constant along the line.
Theorem 7.2. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
non-compact λ-hypersurface with |A| ≤
√
1−λ2
3 . Then M does not contain a
line. In particular, M is connected at infinity, i.e., M has only one end.
Proof. (of Theorem 7.2) The proof goes by contradiction. By |A| ≤
√
1−λ2
3 ,
we have Ricf ≥ 0. If M contains a line, by Lemma 7.1, M can be split
isometrically as the Riemannian product (Nn−1 ×R, gN + dt⊗ dt), and f is
constant along the line. Hence,
Hess(f)(
∂
∂t
,
∂
∂t
) = 0. (7.1)
On the other hand, H − <N,X>2 = λ implies that
Hi = −1
2
∑
j
hij < X, ej >, (7.2)
and
Hik = −1
2
(
∑
j
(hijk < X, ej > +hik +
∑
j
hijhkj(2H − 2λ)). (7.3)
Therefore,
△hij = −|A|2hij −Hhikhkj −Hij
= −|A|2hij −Hhikhkj + 1
2
(
∑
k
(hikj < X, ek > +hij
+
∑
k
hikhjk(2H − 2λ))
= −|A|2hij +
∑
k
hikj <
X
2
, ek > +
1
2
hij − λ
∑
k
hikhjk.
(7.4)
Then it follows that
△fhij = (1
2
− |A|2)hij − λ
∑
k
hikhjk. (7.5)
By 12△fη2 = |∇η|2 + η△fη, we have
1
2
△f |A|2 =
∑
ijk
h2ijk + (
1
2
− |A|2)|A|2 − λ
∑
ijk
hijhjkhki. (7.6)
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Then, by |A| ≤
√
1−λ2
3 , we have
1
2
△f |A|2 ≥
∑
ijk
h2ijk + (
1
2
− |A|2)|A|2 − |λ||A|3
=
∑
ijk
h2ijk + (
1
2
− |λ||A| − |A|2)|A|2
≥
∑
ijk
h2ijk + (
1− λ2
2
− 3
2
|A|2)|A|2
≥ 0.
(7.7)
Hence, the strong maximum principle for the drifted Laplacian yields that
either |A| <
√
1−λ2
3 or |A| ≡
√
1−λ2
3 .
Case 1: If |A| <
√
1−λ2
3 , then |A| = 0 and
Hess(f)(
∂
∂t
,
∂
∂t
) = Ricf(
∂
∂t
,
∂
∂t
) ≥ (1 − λ
2 − 3|A|2)
2
> 0, (7.8)
which contradicts (7.1).
Case 2: If |A| ≡
√
1−λ2
3 , then hijk = 0. By the classical Lawson’s classification
theorem, M is a cylindrical product Sk ×Rn−k. Since the λ-hypersurface is
bounded, we conclude that M = Sn, which contradicts the assumption that
M is not compact. Then it completes the proof. 
8. Compactness of λ-hypersurfaces
In this section, we will follow the notations and conclusions of [4]. Then
the technique of the Feller property combining with the stochastic complete-
ness, will enable us to get natural and general restrictions that force the
λ-hypersurface to be compact.
Theorem 8.1. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
non-compact λ-hypersurface. Then we have
lim
r→∞ supM\B(r)
|A| ≥
√
1− λ2
3
, (8.1)
where B(r) is the geodesic ball of λ-hypersurface Mn with radius r.
Proof. (of Theorem 8.1) By contradiction. Suppose that lim
r→∞
sup
M\B(r)
|A| <
√
1− λ2
3
, we have |A| ∈ L∞(M). Since |∇f | = 12 |XT | ≤ 12 |X | < 12k, then by
(2.10), Theorem 7 and Theorem 8 in [4], M is stochastically complete and
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Feller with respect to △f . By the Simons type equation (7.7), we have, for
some α,
1
2
△f |A|2 ≥ (1
2
− |λ|α− α2)|A|2, (8.2)
outside a smooth domain Ω ⊂⊂M . Then Theorem 2 in [4] gives
|A|(x)→ 0, as x→∞. (8.3)
By (8.3) and Hess(f)ij =
1
2 (δij+ < X,N > hij), we have
d2
dt2
(f ◦ γ)(t) = Hess(f)(γ˙, γ˙) ≥ 1
4
, (8.4)
for some ray γ : [0,+∞) → M , and t >> 1. It follows by integration that
|X |2 → +∞ along γ, therefore, M is unbounded. This is a contradiction. So
we finish the proof. 
By Theorem 8.1, the following corollary is obvious.
Corollary 8.2. Let X : M → Bn+1k (0) ⊂ Rn+1 be an n-dimensional complete
λ-hypersurface with
lim
r→∞ supM\B(r)
|A| <
√
1− λ2
3
, (8.5)
where B(r) is the geodesic ball of λ-hypersurface Mn with radius r. Then M
is compact.
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